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Abstract

We analyze a simple sunspot model that represents a standard securities market
without sidebets on an exogenous sunspot event. The multiple self-fulfilling equilibria
that arise in the model are based on investors’ uncertainty about other investors’ beliefs.
Hence, these multiple equilibria are ‘endogenous sunspots’. We show that endogenous
sunspots can arise even with complete markets to which all investors have access and
homogeneous beliefs, provided the homogeneity is not common knowledge. We also
show that endogenous sunspots can produce ‘pseudo—bubbles’ in which the risky asset
price is higher (or lower) at all dates than in a no—sunspot equilibrium. © 1998 Elsevier
Science B.V. All rights reserved.
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Keywords: Beliefs; Securities Markets; Sunspots

1. Introduction

Large and rapid movements in securities prices, such as those of October
19-20, 1987, are dramatic events for which several possible explanations have
been offered. One explanation is that these market movements, in fact all market
price movements, reflect the arrival of new information about earnings pros-
pects and other fundamental factors affecting the dividend stream. There is little
question that such information plays a major role in much market movement
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but many market observers question the notion that this explanation covers
cases such as the October 1987 crash, for example. At the other extreme is the
explanation that fads and fashions are an important factor underlying securities
prices and that large price movements may result from major changes in fads.

The many times that stock prices have changed by large amounts without any
accompanying news that might explain the price move has led many to believe
that stock markets are inherently emotional. Keynes in his classic writings
expressed this intuition with his notion of animal spirits or market psychology
affecting asset prices. More recently, financial economists have investigated
more rigorously the nature of stock market volatility. The paper by Shiller
(1981) for example has led to a growing literature trying to determine whether
stock prices are too volatile relative to the volatility of their fundamental value.
The related idea that trading creates volatility was given empirical support in
French and Roll (1986) who found that prices are more volatile when markets
are open for trading.

Economists starting with Cass and Shell have investigated asset pricing
models that contain a role for market psychology or more generally extrinsic
uncertainty referred to as ‘sunspots’. Although the seminal article on sunspot
equilibria by Cass and Shell (1983) begins with reference to the stock market,
sunspot equilibria have not played a significant role in models of securities
markets in the financial economics literature. Rational expectations models
incorporating sunspot equilibria have either not featured financial securities
other than money or, in the case of the Cass—Shell model, involved securities
whose payoffs are contingent on the occurrence of the exogenous event called
‘sunspots’. In other words, the financial securities available in the Cass—Shell
sunspot equilibrium are sidebets about the occurrence of sunspots. Such
sidebets on extraneous events are not, of course, a significant factor in actual
securities markets.

In this paper we consider a simple ‘sunspot’ model that represents standard
financial assets where the role of market psychology or extrinsic uncertainty is
played by beliefs about beliefs. We show that beliefs about beliefs are capable of
explaining how trading by rational investors can create volatility that is unre-
lated to changes in fundamental value. The beliefs about beliefs equlibrium we
consider in this paper fulfils the intuition of market psychology because the
equilibrium in a sense pulls itself up by its own bootstraps. Investors in the
model must believe that the equilibrium exists for it to exist. If even some
investors believe that it might exist then it can exist.

One of the purposes of this paper is to explore the existence of multiple
self-fulfilling equilibria in securities markets when the securities’ payoffs are not
contingent on some extraneous event unrelated to the fundamentals of the
economy (i.e., preferences or endowments). That is, the securities in our model
include the sorts of risky and riskless assets that figure in usual securities market
models but exclude explicit sidebets on extraneous events, i.e., on sunspots.
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Consequently, the multiple self-fulfilling equilibria that arise in our model are
based on factors endogenous to the market; hence, we call them ‘endogenous
sunspots’. The factor that gives rise to endogenous sunspots in our model is
uncertainty about the beliefs of other market participants.

In our model, markets are complete and it is common knowledge that
individuals share common beliefs about payoff-relevant events. Individuals’
beliefs about the endogenous-sunspot event are not common knowledge, how-
ever. We show that endogenous-sunspot equilibria can occur when there is
uncertainty concerning aggregate beliefs about the sunspot event. In this situ-
ation, securities prices may be affected by beliefs about the endogenous-sunspot
event when individuals actually share common beliefs about this event but the
fact of common beliefs is not common knowledge.

Our pure exchange economy has three dates, of which the first two are times
when securities are traded and the final date is when all security payoffs and
consumption occur. All investors act as price takers in the model. There is
a riskless security that serves as numeraire and a risky security. The item of
particular interest in the model is the price of the risky security at the second
trading date, especially how it is affected by investors’ beliefs about it. The state
of beliefs about this price acts as the event that generates the possibility of
endogenous-sunspot equilibria. These equilibria exist because of investors’ un-
certainty about the beliefs of other investors about beliefs about the future price
of the risky asset.

Because we wish to abstract from the effects of private information about
payoff-relevant events, we assume that it is known that everyone has the same
information about the payoff of the risky security. This immediately raises the
question of why investors would care about the beliefs of other investors in
choosing their portfolios. If we considered a one-period model in which returns
depended only on final security payoffs, the answer is that they wouldn’t.

Our model has two trading dates before security payoffs occur, so the return
from holding the risky security at the first date depends on its price at the second
date. Investors base their initial trading date portfolio choices on their beliefs
about the price at the second trading date. The model contains investors with
different risk preferences, so the conditions for aggregation in Brennan and
Kraus (1978) and Rubinstein (1974) are not present. As a result, the price at the
second trading date depends on the portfolio choices investors make at the
initial trading date. However, the only factor that could lead to one price as
opposed to another at the second trading date is differences in beliefs about that
price, which means differences in beliefs about beliefs since nothing else is
unknown.

Here is what we envisage. Each investor, being atomistic, has a belief about
the probability distribution of the second trading date price. This can be thought
of as a reduced form of that investor’s beliefs about the portfolio choices other
investors make based on their own beliefs. Different investors’ beliefs may be
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similar or they may not; the only information an investor gets that reveals
anything about others’ beliefs is the initial trading date price. Investors choose
initial trading date portfolios based on their beliefs about the second trading
date price, which in turn is dependent on their initial trading date portfolios.

One set of beliefs and prices that satisfies this scenario is for every investor to
believe that the only possible price at the second trading date is the initial
trading date price. If everyone believes that the price will not change, then
everyone trades to his or her final portfolio at the initial trading date and
nothing changes at the final trading date. This is analogous to the ‘no trade
theorem’ in Milgrom and Stokey (1982). This no-sunspot equilibrium is one
possible equilibrium, but not the only one. More interesting equilibria also exist
that involve situations in which the price does change at the second trading date
and further trading occurs. These endogenous-sunspot equilibria exist because
investors are uncertain about what other investors are thinking — in other
words, because of beliefs about beliefs.

If investors are uncertain about the future price, it is because they are
uncertain about the beliefs of other investors. Since investors are not homogene-
ous in risk preference, the second trading date price is affected by the distribu-
tion of securities across investors resulting from the portfolios chosen at the
initial trading date. Since the latter depend on investors’ beliefs about the second
trading date price, an investor’s uncertainty about the beliefs of other investors
implies uncertainty about the future price. Our model presents equilibria in
which this uncertainty is not resolved by observing the current price. In these
endogenous-sunspot equilibria, investors’ beliefs about beliefs are the sole cause
of the price movement between the two trading dates.

The way the endogenous-sunspot equilibrium appears to individual investor
iis as follows. Investor i believes that the beliefs of investors in the economy have
one of two configurations and investor i attaches some probability to each
configuration. One of the configurations of beliefs is consistent with a price P, at
the second trading date and the second configuration is associated with a price
P,. Therefore, these possible prices are used by investor i in choosing a portfolio
at the initial trading date.

The implication of the rational beliefs character of the endogenous-sunspot
equilibrium is that if the portfolio choices of all investors are made as described
above, with each investor believing in the same two configurations of beliefs but
not necessarily attaching the same probabilities to the likelihood of each
configuration, and if beliefs are actually those of the first configuration, then
when investors choose optimal portfolios at the final trading date the stock price
will indeed be P,. Similarly, if beliefs are actually those of the second configura-
tion, then the final trading date stock price will indeed be P,. In other words,
beliefs are rational because they are self-fulfilling.

Two aspects of the endogenous-sunspot equilibria are particularly interesting.
The first concerns how the possible second trading date prices relate to the price
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in the no-sunspot equilibrium. One possibility is for initial trading date beliefs to
reflect a probability distribution of the future price with support on both sides of
the no-sunspot price, ie.,, in the endogenous-sunspot equilibrium investors
believe that the future price may be higher or may be lower than the no-sunspot
price.

Surprisingly, it is also possible for an endogenous-sunspot equilibrium to
involve current and future prices which are higher with probability one in the
beliefs of all investors than in the no-sunspot equilibrium, or for it to involve
prices that are lower with probability one in the beliefs of all investors than in
the no-sunspot equilibrium. In the former case, for example, the price at the
initial trading date is higher than in the no-sunspot equilibrium and the price at
the second trading date, although investors believe that it may be above or
below the initial trading date price, is certain to be above the no-sunspot
equilibrium price. Thus, the existence of an endogenous-sunspot equilibrium
can lead to a raising (or a lowering) of security prices at all dates, relative to the
absence of an endogenous-sunspot equilibrium. We call this a ‘pseudo-bubble’.
It should be noted that this effect does not represent a true bubble, however,
since the price remains higher through the second trading date and ultimate
security payoffs are not affected.

The second interesting aspect of endogenous-sunspot equilibria concerns
a welfare comparison with the no-sunspot equilibrium. We show by numerical
example that an endogenous-sunspot equilibrium may involve all investors
having higher expected utilities, using their own beliefs, than they have under the
no-sunspot equilibrium. In other words, self-supporting conjectures about fu-
ture prices, in a market where investors can take positions to bet on their
conjectures, may make everyone feel better off ex ante. A more typical result,
however, is that replacing the no-sunspot equilibrium by an endogenous-
sunspot equilibrium makes one group of investors better off and makes the
other group worse off.

Our model can be characterized as a noisy rational expectations equilibrium.
However, our model is sharply distinguished from other noisy rational expecta-
tions models in the fact that no investor in our model has information about
security payoffs or endowments that other investors do not have. In other
words, in our model you are interested in my belief but learning it would not
change your belief about the final payoff. In previous models, it would. Previous
noisy rational expectations models include those of Grossman-Stiglitz (1980),
Hellwig (1980), Diamond—Verrecchia (1981), Admati (1985), Kyle (1989),
Grundy—McNichols (1989), Allen et al. (1993) and Romer (1993).

Our endogenous-sunspot model is related, in name and substance, to the
seminal idea of sunspot equilibrium introduced in Cass—Shell (1983). However,
there are significant conceptual differences between our model and the economy
analyzed in Cass—Shell. In their model, the existence of a sunspot equilibrium
rests on one of three conditions. Either markets are incomplete, or not all
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individuals are allowed to trade in all markets (in the Cass—Shell overlapping
generations model some individuals cannot trade in the securities market for
sunspot sidebets because they are born after the sunsport event occurs), or
individuals’ beliefs about the sunspot event are heterogeneous and a sidebet is
traded.

We show that an endogenous-sunspot equilibrium can occur even in the
absence of the above conditions, (i.e. with complete markets, all individuals
having access to all markets, and homogeneous beliefs.) The basic source of the
difference is that the sunspot event in Cass—Shell is an exogenous event that will
occur or not regardless of what happens in the market. In our model, on the
other hand, the endogenous sunspot event is the revelation at the second trading
date of the true state of investors’ beliefs about other investors’ beliefs. This
difference has significant implications.

First, as noted earlier, the financial securities in the Cass—Shell model are cash
and a sidebet on the occurrence of the exogenous-sunspot event. The sunspot
sidebet is in zero net supply and its payoff does not depend on what happens in
the economy. Rather, sidebet payoffs, assuming investors take nonzero positions
in the sidebet, are what cause the equilibrium at the second trading date (the
date when commodities are traded in the Cass—Shell model) to depend on the
occurrence of the sunspot event. In our model, the financial securities are cash
and an asset in positive net supply whose risky payoff at the final date deter-
mines the aggregate consumption in the economy. The market value of the risky
asset at the second trading date, which plays a role in our model analogous to
the payoff on the sunspot sidebet in the Cass—Shell model, clearly does depend
on the nature of the equilibrium in the economy.

Second, the role of heterogeneous beliefs is different in our model compared to
Cass—Shell. In the Cass—Shell model with complete markets, homogeneous
beliefs prevent a sunspot equilibrium (i.e., an equilibrium in which prices are
affected by the occurrence of sunspots) from occurring, regardless of whether the
fact of homogeneous beliefs is or is not common knowledge. This is because,
with homogenous beliefs, the market for the sunspot sidebet clears only when all
investors hold zero positions in the sidebet, so the exogenous sunspot event has
no effect on equilibrium at the second trading date.

In our model, as we demonstrate later, it is possible to have an endogenous-
sunspot equilibrium with homogenous beliefs, provided the fact of homogene-
ous beliefs is not common knowledge. In other words, what is crucial in the
endogenous sunspot model is not the actual degree of heterogeneity of beliefs
but the degree of investors’ uncertainty about the state of beliefs. An endogen-
ous-sunspot equilibrium can exist when beliefs are homogeneous but investors
do not know that this is the case and investors believe that other investors’
beliefs may differ from their own. On the other hand, if homogeneous beliefs are
common knowledge then these beliefs are degenerate (since they are beliefs
about beliefs) and only the no-sunspot equilibrium exists.



A. Kraus, M. Smith/Journal of Financial Markets 1 (1998) 151174 157

The organization of the remainder of the paper is as follows. Section 2
contains the basic assumptions and notation. Section 3 deals with the equilib-
rium at the second trading date. Section 4 describes the initial trading date
equilibrium. Section 5 presents numerical examples to illustrate the no-sunspot
and endogenous-sunspot equilibria. Section 6 gives conclusions.

2. Assumptions and notation

There are three dates in our world (t = 0, 1, 2). In temporal order they are an
initial trading date (t = 0), a final trading date (¢t = 1) and a security payoff date
(t = 2). At the security payoff date one of two states, which we refer to as the
‘payoff states’, will be chosen by a random device (‘nature’). Security payoffs
depend on the payoff state that occurs. The probabilities of the two payoff states
are common knowledge. For simplicity, we assume they are each 0.5.

Payoff state uncertainty is the only uncertainty that reflects fundamental
randomness in our model, in the sense that there is no conceivable way of
knowing before the security payoff date which of the two payoff states will occur.
Payoff state uncertainty would be relevant even in a single-agent world. There
are additional uncertainties from the viewpoint of an individual investor in the
form of items about which the investor has imperfect information, although
these items could be known if all investors were to pool their information. An
example of the latter is uncertainty about other investors’ beliefs. Clearly, this
sort of uncertainty pertains only to multiple-agent economies. To emphasize the
distinction, we refer to ‘market states’ to represent alternative possibilities in the
investor’s information where one of these possibilities already prevails but is not
known by the investor. In other words, ‘market states’ represent what is not true
randomness but rather imperfect knowledge by some or all investors. The
possibility of alternative market states is what will give rise to endogenous-
sunspot equilibria.

Investors in the model are atomistic price takers with preferences character-
ized by constant relative risk aversion. Those investors who have the same
coefficient of relative risk aversion are grouped together and treated as an
aggregate investor. Since investors may be heterogeneous in beliefs, an aggreg-
ate investor acts as though it were an investor with beliefs that depend on the
beliefs of the various individual investors in that aggregate. Investors are
assumed to hold rational beliefs, in a sense to be made precise below. No
investor has private information about the beliefs of other investors, so no one
has private information about the beliefs of aggregate investors. For simplicity,
the specific model we analyze has all investors grouped into two aggregate
investors (n = 1, 2).

The notation for security holdings and payoffs is summarized in Table 1. The
market includes two securities: ‘cash’ pays one dollar in each payoff state and
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Table 1
Notation. Holdings and payoffs

Initial trading round Cash Stock
Endowment
Investor i Ze Zg
Aggregate n Zey Zs,

Chosen portfolio
Investor i Vei Vsi
Aggregate n Yo Yo

Final trading round

Endowment
Investor i Vei Vsi
Aggregate n Yeu Yo

Chosen portfilio

Investor i Xei Xgi
Aggregate n Xew X
Payoffs
Investor i Xei { x4A4 (prob 0.5)
xiB  (prob 0.5)
Aggregate n X { XuA (prob 0.5)
XuB  (prob 0.5)

a share of ‘stock’ pays A dollars in one payoff state and B dollars in the other
payoff state. (Recall that the two payoff states are assumed to be equally
probable). We let the subscripts ¢ and s refer to cash and stock, respectively.
There are two rounds of trading. We let z, y, and x denote an individual
investor’s initial endowment, her holding after the first trading round, and her
holding after the second trading round, respectively. Similarly, Z, Y, and
X denote the totals of z, y, and x, respectively, across all investors constituting
an aggregate investor.

At each of the two trading dates an equilibrium price of a share of stock in
units of cash is established to satisfy the market clearing conditions:

Z.=2Zmn=2Yo =2 Xem (1a)
Z, =220 =2Y0=2.Xqn (1b)

In order to derive the equilibrium for each trading date, we first develop the
optimal portfolio choice conditions for an individual investor. As is usual, we
work backwards in time, considering first the final trading date and then the
initial trading date.
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3. Final trading date equilibrium

All investors in our model have preferences over consumption characterised
by constant relative risk aversion. We consider individual investor i, whose
coefficient of relative risk aversion is g; and who enters the final trading round
with y,; of cash and yg; of stock. Recall that the payoff at t = 2 to a share of stock
is A or B, with equal probability. For convenience, we assume that 4 > B. At
t = 1, the investor chooses final holdings x.; of cash and x; of stock to solve

1 1

Max ~ (xci + Axsi)1 o4 + = (xci + Bxsi)1 o (23)
2\1 —y; 2\1 —g;

subject to X, + PiXg = Yo + P1ys = Wiy, (2b)

where P, is the price of a share of stock, in units of cash, at the final trading date.
Absence of arbitrage requires that A > P, > B.
The solution to Egs. (2a) and (2b) is

A(A—Py) " — B(P, —B)" '
T4 = p,) - 4 (p, — gl | V1 (3a)
[ —@a—-Py)y 4P, B 3b
Xsi = (A— Py~ L (p, — B)l e Wii: (3b)

Substituting the optimal holdings from Egs. (3a) and (3b) into Eq. (2a), the
derived utility of final trading date wealth for investor i is

>(A _ B)l —gi[(A _ pl)l —(1/9:) _|_(p1 —B)l —(1/gi)]g,wii—g,'

(4)

By Walras’ law, the equilibrium price is found by aggregating Eq. (3a) or
Eq. (3b) over all investors and setting the result equal to the fixed supply to
satisfy the market clearing condition. As noted earlier, we group together all
individual investors who have the same relative risk aversion coefficient (same
g value) and consider the group as an aggregate investor. For simplicity, we
assume that there are only two aggregate investors, so n = 1, 2 in Egs. (1a) and
(1b). Aggregating Eq. (3b) over investors and applying Egs. (1a) and (1b), the
condition for equilibrium at t =1 is

—(A—Py) " 4 (P, —B)
Zs = (A — Pyt a0 (p, — Byl )

Viwis Py) :<1 —

:| (Yo +PYy)

+ [ —(A—Py) Ve 4 (P, — B) 1

(A— Pt~ 4 (p, — B)l(l/gz)] (Yoo + PiYo). (5)
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Clearly, P, depends on the holdings of the aggregate investors at the end of the
initial trading round. Since a budget constraint must be satisfied at the initial
trading round and initial endowments Z ., Z.,, Z,,, Z, are known, using the
initial trading date share price, P,, allows the other three Y variables to be
determined when one of them, say Yy, is known. Thus,

Ycl = ch + PO(Zsl - Ysl)a (63)
Yoo =2+ Po(Ys — Zsy), (6b)
Ys2 = Zs - Ysl' (60)

One sense in which the final trading date equilibrium in Eq. (5) is not
reflective of actual securities markets is that actual securities markets do not
have a final trading date. The critical aspect of the final trading date is that
portfolio choice does not depend on beliefs about future prices; no capital gains
or losses occur after the final trading round. In real markets there is always
a future trading round, so portfolio choice always reflects beliefs about future
prices. For our purposes, however, it greatly simplifies the model to have a final
trading date as a fixed starting point in the backwards-in-time analysis of
equilibrium.

The key requirement in a multiperiod version of the model would be that at
least some portion of each period’s new information reflects something entirely
new, so that the probability distribution of prices never becomes stationary. In
a stationary world, rational investors know that other rational investors (at
least, those equally informed) hold the same beliefs, which leaves no role for
beliefs about beliefs to affect prices. Our position is that the real world is not
stationary, and that an important implication of non-stationarity is that inves-
tors cannot be certain about the beliefs of other investors about future prices.
This implies that the current price depends on beliefs about future prices and so
depends on beliefs about beliefs.

Adopting the simplification of a final trading date makes this behavior much
more transparent and makes it much easier to analyze formally. Specifically,
from Eq. (5) we have the dependence of the final trading date price on the
portfolio choices made at the initial trading date. In the next section, we analyze
how those portfolio choices depend on beliefs about the final trading date price
and how this affects the initial trading date price.

4. Initial trading date equilibrium

The individual investor chooses a portfolio at t = 0 to maximize the derived
utility of final trading date wealth in (4) based on beliefs about the future share
price, P;. What sorts of uncertainty might those beliefs reflect? It is clear that an



A. Kraus, M. Smith/Journal of Financial Markets 1 (1998) 151174 161

individual’s uncertainty about security payoff information to be revealed next
period, or about the endowments or risk preferences of other investors, or about
the total supplies of securities, can cause the individual to be uncertain about
next period’s price. For example, Mirman and Reisman (1988) analyze an
economy where endowments and/or utilities may depend on the state of nature.
In such situations, if different investors hold different beliefs about the unknown
item(s), then investors’ portfolio choices may also be influenced by beliefs about
others’ beliefs. However, such cases of the relevance of ‘beliefs about beliefs’ to
the current period’s equilibrium depend on underlying uncertainty about funda-
mentals in the economy (i.e., payoff information, endowments, preferences, etc.).
As such, these cases are not sources of the endogenous-sunspot phenomenon we
are interested in.

Even if a given investor knows the final payoff information, endowments, and
preferences of all other investors, her beliefs about the portfolio choices of the
other investors depend on her beliefs about their beliefs. The portfolio choices of
the other investors are relevant to her choice because they determine the
holdings with which the other investors enter the final trading round and so
affect the final trading date price. In other words, the investor’s beliefs about the
beliefs of other investors are equivalent to beliefs about next period’s stock price.
Similarly, the beliefs of the other investors can be regarded as their beliefs about
next period’s stock price. In summary, what a given individual investor believes
about the future stock price depends on what that investor thinks other inves-
tors believe about the future price.

As described above, the situation at the initial trading date leads naturally to
the possibility of multiple rational expectations equilibria. One equilibrium
— one that always exists — involves every investor believing that the final trading
date price will equal the initial trading date price. Under these beliefs, an
investor’s derived utility of wealth in Eq. (4) is a constant independent of the
portfolio chosen at the initial trading date and the optimal final trading date
portfolio in Egs. (3a) and (3b) is the same as if no trading occurred at the initial
trading date. Alternatively, this equilibrium is the same as if all investors choose
their final trading date portfolios at the initial trading date and no price change
or trading takes place at the final trading date. In other words, a no-sunspot
equilibrium exists when all investors believe that nothing will happen at the final
trading date; and under those beliefs, nothing does.

The initial trading date equilibrium becomes considerably more complex as
soon as we allow it to encompass investors’ uncertainty about the beliefs of
other investors, where those beliefs are about the beliefs of other investors, and
so on. The crucial point is that the beliefs of a given investor, even when these
beliefs concern the completely endogenous question of the beliefs of other
investors about beliefs, affect the first investor’s portfolio choices in the initial
trading round and, thus, are relevant to other investors who act on beliefs about
the stock price at the second trading date. An implication of this is that rational
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beliefs about beliefs can be mapped into beliefs about the future stock price,
provided that each price outcome in the support of these beliefs corresponds to
a final trading date equilibrium for some configuration of other investors’ beliefs
that satisfy the same property. In other words, beliefs must jointly satisfy
a rational expectations condition.!

In formalizing these notions, we will confine our attention to a highly
simplified belief structure. Specifically, we assume that every investor believes
that only two outcomes are possible for the equilibrium at the final trading date
and that these are the same two outcomes for every investor. This is equivalent
to assuming that every investor believes that the final trading date stock price
will be one of two values, P, or P,, but different investors may attach different
probabilities to these two values. In addition to simplicity, the case of two
outcomes has the advantage of similarity to models of exogenous sunspots, as in
Cass—Shell (1983), in which the exogenous sunspot either occurs or does not
occur. Since the equilibrium at the final trading date depends on investors’
initial trading date portfolios, which depend on investors’ beliefs, our assump-
tion amounts to having every investor attach positive probability only to the
same two collections of investors’ beliefs which represent two market states.

Under these assumptions, the initial trading date portfolio choice problem of
investor i is to choose y,; and y,; to solve

Max  q;Vi(yei + Paysi; Po) + (1 — @)V ilyei + Pypysis Py) (7a)
subject to  y.; + Poysi = Zi + PoZgi (7b)

where ¢; denotes investor i’s probability that P; = P,. The optimal holding of
stock in the solution to Egs. (7a) and (7b) is

Vo = |: — q; VP, — Po)” Yy (P) "M 4+ (1 — q;) " V(P — Pb)l/g‘vi(Pb)”g':|
St q

i VP, — Po)' "M (P) TV (1 — )T V(P — Py)t Ty (Py) T M
(Zci + P()Zsi): (83)
where

v(P) = A 9[(4 — P)L W9 4 (p — Byt~ W], (8b)

In Eq. (8a), we have assumed, without loss of generality, that P, > P,, which
implies (for absence of arbitrage) that P, > Py, > P,.

! Mapping beliefs about beliefs into beliefs about the future price is equivalent to mapping beliefs
about beliefs to beliefs about ‘type’. This mapping allows us to collapse the infinite regress of ‘beliefs
about beliefs about beliefs about ...". See Epstein and Wang (1996) for a general treatment of this
point.
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The belief g; of investor i in Egs. (7a) and (8a) regarding the probability
that P, will have the value P, is based on investor i’s conjecture about the
beliefs held by other investors. Every investor makes a corresponding individual
conjecture about others’ beliefs. Making these conjectures is not an extraneous
exercise for investors: each investor must reflect some belief about the future
price P, in her portfolio choice and each investor realizes that the future
price depends on the portfolio choices of other investors which are based on
their beliefs. Moreover, since investors face a unique situation every period,
there is no reason for the conjectures of different investors about others’ beliefs
necessarily to be identical. What is required for a rational beliefs equilibrium,
however, is that the beliefs of all investors be individually rational. That is,
it must be the case that if other investors hold the beliefs that investor i
believes they hold with probability g; (respectively, 1 — g;), then the future price
will indeed be P, (respectively, P,). And the corresponding condition must
hold for the beliefs of every other investor. We turn now to examining how
these requirements translate into the conditions for an endogenous-sunspot
equilibrium.

It is convenient to consider the group of investors who make up one of the
two aggregate investors, i.e., all those who have the same coefficient of relative
risk aversion, say g; = ¢,. Taking this group as a single aggregate investor, called
aggregate investor n (n = 1, 2), we let I, denote the set of values of i for those
individual investors who constitute aggregate investor n (i.e., those for whom
g; = ¢g,)- The holding of stock of aggregate investor n after the initial trading
round, denoted Y, is the sum of y; in (8a) over iel,. Similarly, the initial
endowments of cash and stock of aggregate investor n are given by Z,,, = X,y z,;
and Z, = Xy zy, respectively.

Since individual investors do not (necessarily) share common beliefs, an
aggregate investor must be thought of as having ‘beliefs’ that are a
composite of the beliefs of the individual investors. We say that Q is the
composite belief in P, of aggregate investor n consistent with demand Y,
if Eq. (8a) holds with Y,, Z.,, Z, in place of y, z.;, z, respectively, and Q in
place of ¢;:

v [ QP — Py (P) (1 — Q) (P — Py) (Pt
sn Q - l/y,,(Pa _ Po)l *(l/yn)vn(Pa) —1/g, + (1 _ Q) - 1/gn(P0 _ Pb)l - (1/9")Un(Pb) —1/g,

(ch + POan)' (9)

In order for Eq. (9) reasonably to define aggregate investor n’s composite
belief Q, it needs to be confirmed that a value of Q between zero and one satisfies
Eq. (9). In fact, we can establish the slightly stronger result that Eq. (8a) is
satisfied for all ie I,, if and only if Eq. (9) is satisfied for Q between zero and one.
One direction is immediate: if Eq. (9) is satisfied with 0 < Q < 1, then a trivial



164 A. Kraus, M. Smith/Journal of Financial Markets 1 (1998) 151174

solution to Eq. (8a) for all ie [, is

4 =0, (10a)

Y
o= + Poz.). 10b
Vis (ch PQZS,,> (ZCl OZSl) ( )

In other words, given an aggregate investor with composite beliefs, one possibili-
ty supporting that aggregate is investors with homogeneous beliefs identical to
the composite beliefs.

We sketch a proof of the other direction by induction. Suppose that Eq. (9) is
satisfied with 0 < Q < 1 for some subset of iel,, so that Y, Z., Z,, refer to
aggregate values only over that subset, and that Eq. (8a) is satisfied for some iel,,
not in the subset. For convenience, define the function f,(g) as

— 07 Py = Po) (P (1 — @) Py — Py (P
4P, — Po) (P T (L= q) THPo— Py TPy

(11)

Thus, Egs. (9) and (8a) for the subset of I, and additional member of I,
respectively, described above can be written as

st :fn(Q)(ch + POan)> (12)
Vsi = ful@i)(zei + Pozg)- (13)

Let the holding of stock by the larger aggregate investor consisting of the subset
plus the additional investor, i.e., Y, + yg, be written as

Y.\'n + Vsi :fn(Q)[(ZLn + Zci) + PO(an + Zsi)] (14)

for some number O where, from Egs. (12) and (13),

Slg) =

ch + POan
(ch + Zci) + PO(an + Zsi)

10) = [ :|fn(Q)

Z Pyz
+|:1 cn+ 0% sn

" (Zen+ ) + PolZo + zs,-)}f”(qg (15)

Differentiation of Eq. (11) shows that f, > 0. So from the mean value theorem
applied to Eq. (15) it follows that Q lies between Q and ¢;, which implies that
0 < 0 < 1 and establishes the desired result.

The convenient feature of the above result is that we can analyze the initial
trading date equilibrium in terms of the two aggregate investors and their
composite beliefs. It is important to stress, however, that any individual investor
knows only her own beliefs, not the beliefs of either aggregate investor (including
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the aggregate of which she is a part). For the equilibrium at the initial trading
date to be consistent with each investor believing that the same two prices are
possible at the final trading date, the initial trading date price must be consistent
with two configurations of composite beliefs, {Q1,, Q,,} and {Qy;, 0y}, where
the former configuration implies a final trading date price of P, and the latter
configuration implies a price of P,.

Putting together our results, sufficient conditions for an endogenous-sunspot
equilibrium at the initial trading date are that there be a stock price P,
aggregate demands Y, Yiou Y1 Ysop and composite beliefs Qy,, O, O1p,
0, such that the solutions Y, and Y,, to Eq. (9) for Q,, and Q,,, respectively,
satisfy the market clearing condition (1b) and satisfy the final trading date
equilibrium condition (5) for P; = P, and the solutions Y;,, Y, to Eq. (9) for
01, and Q,,, respectively, satisfy Eq. (1b) and satisfy Eq. (5) for P; = P,. In other
words, there must be two possible sets of beliefs about P, and P, (in fact, about
the two sets of beliefs) such that if one set of beliefs is held the final stock price
will turn out to be P, and if the other set is held it will be P,. Of course, only one
of these sets of beliefs reflects the true situation but no investor is certain which.
These conditions can be expressed as

4.1. Conditions for endogenous-sunspot equilibrium with two possible sets of
investors’ beliefs:

There exist initial stock price Py, final stock prices P,, P,, composite beliefs
(probabilities) Qi4 Q054 O1p, Q2. and aggregate initial stock holdings
Yslao Ys2an Yslhs Yszh such that

(1) Yo+ You=Zs(k=a,b), (16a)
(2 Y= Yo Qu = Quj satisfies (9) (n = 1,2, k = a, b), (16b)
(3) {Pl = Pka Ysl = Yslk» YsZ = YsZka

Yoar=Zo + Po(Zsy — Ys1i), Yoo = Zeak + Po(Zs, — Y24} satisfies
Eq. (5) (k = a, b). (16¢)

The solution to Egs. (16a), (16b) and (16c) gives equilibrium prices and the
initial trading date holdings Y., and Y, (n = 1, 2; k = a, b), chosen by the two
aggregate investors. Their final trading date holdings, X, and
Xoa (n=1,2; k = a, b; | = a, b), where k refers to the state of composite beliefs
and [ refers to the final trading date price, are given by summing (3) over alliel,;

A(A —P)" ' — B(P,— B)"'*
Xkl = (A — Pl)l—(l/g,,) ¥ (Pz _ B)l—(l/gn)

—(A—=P) "4 (P, —B) '
Xonkt = (A — P~ 4 (p,— B)l 1/

](chk + Plenk)7 (173)

:|(chk + Pl stk)' (17b)
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It is important to note that Egs. (17a) and (17b) includes cases of final trading
date holdings that in fact cannot occur, viz., all cases where [ # k. If the state of
composite beliefs is k, then the final trading date market clears at price P, and
the price does not turn out to be P,. Investors do not know the true state of
composite beliefs at the initial trading date, however. Therefore, they contem-
plate at the initial trading date their future actions for final trading date prices
P, and P, even though only the price that corresponds to the true state of
composite beliefs will actually occur. This represents one difference between the
endogenous-sunspot and exogenous-sunspot situations. In the latter, the sun-
spot event is determined by (random) nature at the second trading date. The
cases in which [ # k in Eqgs. (17a) and (17b) are not equilibria; rather they are
analogous to off-equilibrium-path actions in game-theoretic models.

In the no-sunspot equilibrium, in which P, = P, = P,, investors trade to their
final holdings all at once at the initial trading date. Hence, we can solve for this
equilibrium by substituting in Eq. (5) Z,, for Y, and Z,, for Y, respectively, for
n =1, 2, and a single price, P, for P, and P;:

—(4 - }30)*1/91 + (ﬁo — B U
T LA =P 1 (P — By

:| (Z1 + pOZsl)

— (A — Po)~ Y% 4 (Py — B)~ e .

[(A 1130)1—()1/4;2) n (P(o — B)1)—(1/gz):| (Zo2 + PoZys). (18)
Solving Eq. (18) for P, gives the stock price that prevails at both the initial
trading date and the final trading date in the no-sunspot equilibrium. To
calculate the investors’ portfolio holdings for the no-sunspot equilibrium, we
substitute in Egs. (3a) and (3b) P, for P, z,; for y,; (to reflect that investors trade
from initial endowments directly to final holdings) and sum over all i€ I,. This
gives

cn

N [A(A — Po)~ 1% — B(P, — B)~ '/

~ (A= P T (P, — B ‘”-"")] Zan+ PoZu) (%

. — (A — Pp)~ 9 4+ (Py — B) 1o "

X = |:(A i }30)1 —()1/g") T (};0 — B)l)(l/gn)] (Zen + PoZy,), (19b)
where P, is the solution to Eq. (18) and there are no k, [ subscripts on the cash
and stock holdings because all investors’ beliefs are that the price will remain
unchanged at P,,.

In the next section, we analyze some numerical examples of endogenous-
sunspot equilibria. This permits us to present examples of the pseudo-bubble
phenomenon as well as an example in which all investors have higher ex ante
expected utility in the endogenous-sunspot equilibrium than in the no-sunspot
equilibrium.
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5. Numerical examples

The maintained parameter values for the examples are in Table 2. The final
payoff on a share of stock is 100 or O with equal probability. The economy
contains individual investors of two types of constant relative risk aversion.
Investors having a coefficient of relative risk aversion equal to 0.5 make up
aggregate investor 1. Aggregate investor 2 comprises the remaining individual
investors, each of whom has a coefficient of relative risk aversion equal to 2. The
aggregate initial endowment of the investors composing each aggregate investor
consists of 1 unit of cash and 1 share of stock.

As a benchmark, we first calculate the no-sunspot equilibrium for the
example. Solving Eq. (18) yields the stock price P, = 1.163 for this equilibrium
and using this in Egs. (19a) and (19b) gives the investors’ holdings. These results
are given in Table 3, along with the initial trading date expected utilities of the
two aggregate investors. Recall that an aggregate investor has the same coeffic-
ient of relative risk aversion as each of its members and holds the aggregate of
the initial endowments of its members. Since we make no assumptions about
how individual endowments and individual beliefs are distributed across inves-
tors, we cannot specify the expected utility levels of individual investors. How-
ever, holding initial endowments fixed, a change in the equilibrium that changes
the expected utility of an aggregate investor can be thought of as changing the

Table 2
Numerical example parameter values

Consumption date stock payoffs A =100 B=0
Aggregate investor 1 Aggregate investor 2
Coefficient of relative risk aversion g =05 g, =2

Initial endowments

Cash Zg=1 Z,=1
Stock Zg=1 Zo=1
Table 3

No-sunspot equilibrium

Stock price Py =1.163
Aggregate investor 1 Aggregate investor 2

Equilibrium holdings
Cash X, =0025 X, =1975
Stock Xy = 1838 X,, =0.162
Expected utility at initial trading date 13.717 —0.281
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expected utility of the ‘typical’ individual investor in that aggregate in the same
direction.

The conditions defining an endogenous-sunspot equilibrium are in Egs. (16a)
and (16b). Considering combinations of the two values of k and the two values of
n, these conditions represent eight equations to be satisfied by the values of
eleven variables (Pg, Py, Py, Q14 Q24> Q11> Q25> Ys1a Ys2a Ysin Ysop)- We resolve
the three degrees of freedom by specifying values for the initial trading date
stock price, Py, and one set of the aggregate investors’ composite beliefs, O, and
0,.. It will be convenient to regard (Qy, @, as the true composite beliefs,
although no investor knows whether (Q, Qi3) or (Q,, Q,) are the true
composite beliefs. After setting Py, Q, and Q,, we use (16a) and (16b) to
substitute for Y, and Y., (n = 1,2; k = a, b) in Eq. (16¢) and obtain a system of
four nonlinear equations in P,, Py, Q1;, and Q,,;. If @4, and Q,, in the solution lie
between zero and one, the solution is an endogenous-sunspot equilibrium.

We present three examples. Recall that in the no-sunspot equilibrium
(Table 3) the stock price at both the initial and final trading dates is P, = 1.163.
The first endogenous-sunspot example illustrates a pseudo-bubble in which the
stock price is above P, at the initial trading date and remains about P, at the
final trading date in both market states. The second example shows that
pseudo-bubbles (unlike rational, true bubbles) can also be negative; in this
example the stock price is below P, at the initial trading date and in both market
states at the final trading date. The second example also illustrates the important
point that an endogenous-sunspot equilibrium can exist with homogeneous
beliefs provided that investors are not certain that belief are homogeneous. In
this example beliefs in market state a are homogeneous but each individual
investor assigns positive probability to the chance that the market state is b, in
which beliefs are heterogeneous.” Thus, if the true market state is a, beliefs are
actually homogeneous but investors are uncertain about this. The third example
is a situation in which the initial trading date stock price in the endogenous-
sunspot equilibrium, P,, equals the initial trading date stock price in the
no-sunspot equilibrium, P,. The interesting aspect of the endogenous-sunspot
equilibrium in this example is that the ex ante expected utility of both aggregate
investors is higher in both market states than it is in the no-sunspot equilibrium.

The results for the first endogenous-sunspot example are in Table 4. In
market state a the beliefs of investors are such that the composite belief of
aggregate investor 1 is 0.5 that the true market state is a and 0.5 that it is b, while
the composite belief of aggregate investor 2 is 0.4 that the true market state is
a and 0.6 that it is b. Market state b represents a collection of beliefs such that the

2 As noted earlier, this situation bears some similarity to that in Allen—Morris—Postlewaite (1993),
but differs significantly in that the investors in their model are uncertain about whether other
investors have private information about final payoffs.
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Table 4
Endogenous-sunspot equilibrium. Example 1

Inital trading date stock price P, = 1.300
Aggregate investor 1 Aggregate investor 2

Initial trading date beliefs about final trading date stock price
Market state a: P, = 1.384 Q1. =0.500 Q5. = 0.400
Market state b: P, = 1.229 01, = 0471 0, = 0.517

Equilibrium holdings
Initial trading date
Market state a

Cash Yeoo= — 2367 Yoo = 4.367

Stock Y10 = 3.590 Yo = — 1.590
Market state b

Cash Yo =2.195 Y, = — 0.195

Stock Y1, = 0.081 Y, = 1.919

Final trading date
Market state a

Price P,
Cash Xc1aa = 0.037 X200 = 1.963
Stock X1aa = 1.854 X2aa = 0.146
Price P,
Cash Xerap = 0.025 Xezap = 2.197
Stock Xs1ap = 1.644 Xz = 0.175

Market state b

Price P,
Cash X1pa = 0.032 Xeapa = 2.232
Stock Xo1pa = 1.643 Xs2pa = 0.166
Price P,
Cash Xe1p = 0.029 Xeapy = 1.971
Stock KXo1p = 1.843 Xgap = 0.157

Expected utility at Initial trading date
Market state a 13.395 —0.266
Market state b 13.394 —0.266

composite belief of aggregate investor 1 is 0.471 that the true market state is
a and 0.529 that it is b and the composite belief of aggregate investor 2 is 0.517
that the true market state is ¢ and 0.483 that it is b. Given these beliefs, market
state a is associated with a final trading date stock price of 1.384 and market
state b is associated with a stock price of 1.229.

The prices P, and P, are self-confirming. That is, if the true market state is
a the portfolios chosen at the initial trading date based on the beliefs in market
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state a about the chances of P, and P, will be such that at the final trading date
the stock price will indeed be P,. Similarly, the positions chosen based on the
beliefs in market state b will lead to a final trading date stock price of P,.

The endogenous-sunspot equilibrium of Example 1 illustrates a pseudo-
bubble. In the no- sunspot equilibrium (Table 3) the stock price is 1.163 at both
trading dates. In Example 1, by contrast, the stock price is 1.300 at the initial
trading date and is either 1.348 or 1.229 at the final trading date, depending on
whether beliefs are those of market state a or market state b. Thus, in this
endogenous-sunspot equilibrium the stock price is higher at all trading dates
than it is in the no-sunspot equilibrium. However, as noted earlier, this pseudo-
bubble situation is not, in fact, a bubble since it has no probability of ever
‘bursting’.

The results of Example 2, shown in Table 5, illustrate two of the potential
characteristics of endogenous-sunspot equilibria described earlier. One of these
is the phenomenon of a negative pseudo-bubble. Although a rational bubble
cannot be negative, the same is not true of an endogenous-sunspot equilibrium
pseudo-bubble. In Example 2 the stock price both at the initial trading date and
at the final trading date in both market states is below the no-sunspot equilib-
rium stock price.

The second phenomenon exhibited in Example 2 is particularly interesting
because it illustrates a significant difference between an endogenous-sunspot
equilibrium and an equilibrium based on an exogenous-sunspot event as in
Cass—Shell (1983). As noted earlier, a sunspot equilibrium with complete mar-
kets can occur in the Cass—Shell setting only under heterogeneous beliefs about
the exogenous-sunspot event. In Example 2, on the other hand, market state
a represents homogeneous composite beliefs of the two aggregate investors
about the chance of the market state being state a, although investors do not
know that beliefs are homogeneous since they do not know whether the true
market state is a or b. Thus, if the true market state is state a, then beliefs are, in
fact, homogeneous.

The endogenous-sunspot equilibrium can exist even when beliefs are
homogenous precisely because investors are not certain that beliefs are homo-
geneous. In the Cass—Shell model, on the other hand, the critical point about
beliefs (in complete markets) is whether or not beliefs are homogeneous. With
homogeneous beliefs a sunspot equilibrium does not exist in the Cass—Shell
model regardless of whether or not investors are aware that beliefs are homo-
geneous. This difference underscores the point that the endogenous-sunspot
equilibrium is a fundamentally different phenomenon from the Cass—Shell
sunspot equilibrium.

Finally, the results of Example 3, shown in Table 6, illustrate that it is possible
for an endogenous-sunspot equilibrium to produce a higher level of ex ante
expected utility for both aggregate investors than does the no-sunspot equilib-
rium. For convenience in comparison, Example 3 is chosen so that the stock
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Table 5
Endogenous-sunspot equilibrium. Example 2

Inital trading date P, = 0.600

Aggregate investor 1 Aggregate investor 2

Initial trading date beliefs about final trading date stock price
Market state a: P, = 1.102 Q1. =0.750 Q1. =0.750
Market state b: P, = 0.158 Q45 =0.893 Q,, =0.170

Equilibrium holdings
Initial trading date
Market state a

Cash Y..= 1071 Yoo = 0929

Stock Y 1. = 0.882 Yo = 1118
Market state b

Cash Yp= —0.246 Yo, = 2.246

Stock Yo = 3.077 Yoo = — 1077

Final trading date
Market state a

Price P,
Cash Xe1aa = 0223 Xezaa = 1.977
Stock X1aa = 1.832 X2aa = 0.168
Price P,
Cash X1 = 0.002 Xezap = 1.065
Stock Xs1ap = 7.636 Xgzap = 0.257

Market state b

Price P,
Cash Xc1pa = 0.035 Xe2pa = 0.968
Stock Xo1pa = 2.822 Xs2pa = 0.082
Price P,
Cash X1y = 0.001 KXoy = 1.999
Stock Xo1pp = 1.518 Xgap = 0.482
Expected utility at initial trading date
Market state a 17.186 —0.332
Market state b 16.490 —0.313

price at the initial trading date in the endogenous-sunspot equilibrium is the
same as in the no-sunspot equilibrium. As can be seen, the endogenous-sunspot
equilibrium in Example 3 involves widely separated values of P, and P,.
In qualitative terms, an endogenous-sunspot equilibrium that exhibits higher
ex ante expected utility for both aggregate investors than in the no-sunspot
equilibrium requires choosing parameter values in a relatively confined range. It
would appear that this behavior is not a typical result for endogenous-sunspot
equilibria.
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Table 6

Endogenous-sunspot equilibrium. Example 3

Inital trading date

Py =1.163
Aggregate investor 1

Aggregate investor 2

Initial trading date beliefs about final trading date stock price

Market state a: P, = 3.131 Q1. =0.700 Q5. = 0.200
Market state b: P, = 0.498 Q1 = 0.687 0, = 0.246
Equilibrium holdings
Initial trading date
Market state a
Cash Yoa= — 0226 Y s = 2226
Stock Y. = 2.054 Yo = — 0.054
Market state b
Cash Yep = —0.099 Y2 = 2.099
Stock Y = 1.945 Y2, = 0.055
Final trading date
Market state a
Price P,
Cash Xe1aa = 0.201 X200 = 1.799
Stock Xs1aa = 1.918 X240 = 0.082
Price P,
Cash Xe1ap = 0.004 Xezap = 2.064
Stock Xs1ap = 1.592 X2 = 0.271
Market state b
Price P,
Cash Xc1pa = 0.194 X.2pe = 1.988
Stock Xs1pa = 1.851 Xs2pa = 0.091
Price P,
Cash Xe1pp = 0.0047 Xeapy = 1.996
Stock Xg1p = 1.738 Xgap = 0.262
Expected utility at initial trading date
Market state a 13.817 —0.273
Market state b 13.802 —0.275

6. Conclusions

If one considers all the things on which the risky security price at the final
trading date depends, we have purposely assumed in our model that there is no
asymmetric information about any of the obvious items: information about final
payoffs, security endowments, or risk preferences. While clearly heroic, this
assumption allows us to focus on investors’ beliefs about other investors’ beliefs
without those beliefs being reducible to beliefs about information payoffs,
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endowments, or preferences. In fact, our purpose is precisely to show that the
initial and final security prices may depend on beliefs about beliefs even when
there is no asymmetric information about anything else that affects prices. This
is the essence of the endogenous-sunspot equilibrium.

Clearly, real life markets and real life price movements are driven by many
forces in addition to the endogenous-sunspot effects we have illustrated above.
Nonetheless, we argue that it is important for understanding speculative mar-
kets to realize that a significant element of uncertainty about future prices can
exist, with investors acting rationally, simply because I'm uncertain about what
you believe about my beliefs about your uncertainty about ...
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